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INTRODUCTION 

When neutrino horns a re  designed it i s  e s sen t i a l  tha t  the high energy par- 

t i c l e s  (secondaries) pass through a minimum thickness of horn mater ia l  t o  

minimize the i r  absorbtion, and ye t  the apparatus must maintain i t s  s t ruc tu ra l  in- 

t eg r i ty .  Since the equations which describe the e f f e c t s  of a var iable  symmetri- 0 
c a l  e l e c t r i c a l  force applied to  a f l a t  c i rcu lar  p l a t e  a re  not presented i n  the 

l i t e r a t u r e  it was necessary t o  develop the required equations. The purpose of 

t h i s  note i s  to  document t h i s  work. 



NOMENCLATURE 

L 

W 

I 

k 

F 

B 

J 

s e l f  inductance 

energy stored i n  the 
magnetic f i e l d  

magnetic permeability of 
f ree  space ( 4 ~  x 10-7) 

current 

constant force 

force 

magnetic flux density 

current density 

t 

M 

E 

radius 

radius of p l a t e  I . D .  

radius of p l a t e  O.D. 

length 

shear force per u n i t  
circumferential  length 

bending ang le 

poisson's r a t i o  

Deflection 

f lexura l  r i g i d i t y  of the 
p l a t e  

p l a t e  thickness 

bending moment per u n i t  
length 

modulus of e l a s t i c i t y  

v o l t  sec 
ampere henry = 

joules 

weber 
henry/meter = amp meter 

amperes 

newtons ; pounds 

newtons; pounds 

weber / m e t e r  2 

ampere/meter 2 

inches 

meters ; inches 

meters; inches 

meters; inches 

pounds /inch 

radians 

inches 

pound inches 

inches 

pound inches /inches 

pound/inch2 
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ELECTRICAL FORCE 

The f i r s t  task i s  t o  determine the shape of the force d i s t r ibu t ion  and sec- 

ond t o  evaluate i t s  magnitude. 

force $ J x B 
where, 

1 
J a (-1 ... r 

there fore ,  

so Y 

1 F a -  2 * * *  r 

k 
2 

F = -  
r 

The e l e c t r i c a l  force i s  var iable  and symmetrical about the cy l indr ica l  

A X I S  OF 
S Y M M E T R Y  

I 

rr- 

k 
r 
- 

2 

I - dr 
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k = sb 2mdr - 2 
F 

t o t a l  a r 

= 2nk ,fb dr = 2Tk In - b 
t o t a l  a +  a F 

The stored energy W i n  the magnetic f i e l d  of a self-inductance L due 

t o  a current I flowing i s  

1 2  w = - L I  2 

where, 

therefore  

b L = -  ' p Q l n ;  
2n 0 

PoL2 b W/Q = - In (see a l s o  Appendix I) 4n 

F = w/R 

Equate (a)  and (b) and solve for k 

8n" 

The force per u n i t  area i s  

Po I 2  2 p = k = -  2 2  (newtons /meter ) 
r2 8'R r 
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ASSUMPTIONS 

1. 

2 .  The p la te  i s  of uniform thickness. 

3. The p l a t e  i s  i n i t i a l l y  f l a t .  

4 .  

The c i rcu lar  p la te  i s  perfect ly  e l a s t i c ,  homogeneous and isotropic  

The def lect ion of the p l a t e  i s  small compared t o  i t s  thickness 

(w  - < 1 /2 t ) .  

5 .  

6 .  

7 .  

Deformation i s  symmetrical about the cy l indr ica l  axis .  

A l l  forces,  loads and reactions are  p a r a l l e l  t o  the cy l indr ica l  ax is .  

The shear e f f ec t  on bending i s  negl igible .  

MATHEMATICAL CONCEPTS 

From s t a t i c s  the shearing force per u n i t  tangent ia l  length V a t  any ra-  

dius within the load d is t r ibu t ion  region, a 5 r 5 b (see Figure I),  i s  given a s  

1 ' k  k r  - 2 m d r  = - In - 2lTr a 2 r a 
r 

V = - I (1) 

and the shear force for  the unloaded region, 0 5 r 5 a ,  is 

v = o  (2) 

The spec i f ic  slope, def lect ion and bending moment equations obtained here 

are  based on the derivation developed by Timoshenko i n  Chapter 3 of h i s  volume 

Theory of Plates  and Shells.' 

equation 312 can be used t o  determine the slope of the def lect ion surface,  9,  and 

the def lect ion W of the p la te .  

Equation 54 from Timoshenko (rewri t ten below as  

.. 
( 3 )  

where 3 E t  
2 D =  

12(1 - u ) 
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The equations fo r  the  loaded region a r e  obtained by s u b s t i t u t i n g  equation 

(1) i n  (3) 

i n t eg ra t e  

C r C2 1 
2 r + -  - (4) 

2 C r  - -  1 C In r + C3 
4 2 

(5) 

The equations for  the unloaded region are obtained by subs t i t u t ing  equa- 

t i o n  (2) i n  ( 3 )  

i n t eg ra t e  
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2 C r  
(Jj=--- ~ ' ~ n r +  

4 5 
(7) .. 

) 

The bending moments fo r  the  loaded region of the  p l a t e  are obtained by 

subs t i t u t ing  the expressions fo r  4, (equation 4) and d$/dr (equation 8) i n  

Timoshenko's equations (52) and (53) r ewr i t t en  below as equati0n.s (9) and (10).  3 

C2 - - -  
2 2  r 

C2 - - -  
2 2  r 

M = D ( b + u * )  (LO) 
t r d r  

The cons tan ts  of i n t eg ra t ion  C l ,  C2 and C3 are determined from the  

boundary conditions a t  the edge and center  of the c i r c u l a r  p l a t e .  

horn end p l a t e s  have t h e i r  ou ter  edge fixed and supported, and the  inner 

edge fixed as depicted i n  Figure 11. 

The neutrino 
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FIGURE I1 

The boundary conditions fo r  t h i s  case are 

0 when r = a dw - =  ar 

- 0 when r = b dw 
a r  - -  

w = 0 when r = b 

The three equations t o  be solved t o  obtain the constants of integrat ion 

for t h i s  case are 

0 = - -  b 2  b 2 1  Clb c2 
kb [ ( In  2) 4D a - In - - ( In  a> + 5 I + - 2 + - b 

C l n  b + C3 ((In - -112 - (In a > 2  + 1-1 - - - 2 
kb2 b 
8 D  a 2 4 o = - 
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CONCLUSIONS 

Since the equations for  the  slope,  de f l ec t ion  and bending moments a r e  b e s t  

solved by computer no attempt has been made t o  s u b s t i t u t e  equations ( 4 )  and (8) 

i n  (9) and ( L O ) ,  o r  s u b s t i t u t e  the constants of i n t eg ra t ion  i n  equations ( 4 )  and 

(5) and simplify the  r e s u l t s .  A large amount of t i m e  would be required t o  do 

these manipulations; the chances for  e r r o r  i n  t h i s  process are l a rge ,  and the 

time saved doing the ca l cu la t ion  by computer i s  negligable.  

After the maximum bending moment has been determined the maximum s t r e s s  i s  

4 evaluated using 

1 

1 
0 

The boundary conditions for  th ree  other edge support conditions are 

l i s t e d  below. 

BOUNDARY CONDITIONS 

w = 0 when r = b 

Mr = 0 when r = b 

EDGE CONDITIONS 

Outer edge simply supported. 

Inner edge fixed. 

- -  dw - 0 when r = a d r  
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- - - - -  ..-., - - - - . 

BOUNDARY CONDITIONS 

w = 0 when r = b 

- =  dw 0 when r = b d r  

Mr = 0 when r = a 

a 

- - - -  - - - - -  _ _  .. 

BOUNDARY CONDITIONS 

w = 0 when r = b 

Mr = 0 when r = b 

M = 0 when r = a r 

_ -  
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EDGE CONDITIONS 

Outer edge supported and f ixed .  

Inner  edge f r e e .  

EDGE CONDITIONS 

Outer edge simply supported 

Inner  edge free. 
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APPENDIX I 

5 FORCE ON END PLATE 
_ _ _ _ _ _ _ _  - -  _ _ - - -  

c 
d r  

r 

-4 c s  .... - 

then, 

. i  

w = Energy dens i ty  of 
magnet f i e l d  m 
(joules/m 3 

H = Magnetic f i e l d  i n t e n s i t y  
(amp /m> 

v = volume (m 3 1 

W = 1 ,fb JZT 1-1 H2S r d r  de 
2 a  o 0 

2T 
W = 1 S Jb VoH2r d r l o  

2 a  0 

2 
'os' b w=- In - 4T a 
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